We study the finite temperature features of the thermodynamical observables of the Ising model with mixed perturbation.
Introduction
In this letter we propose a reanalysis of the data previously obtained for the study of the Ising model with mixed perturbation [1] in order to investigate the finite temperature features of the theory. Following the TBA prescriptions we are able to evaluate the Finite Size Scaling (FSS) of thermodynamical observables such as free energy, magnetization and magnetic susceptibility. We show that the functional forms of this corrections are the same as in the pure magnetic case (integrable perturbation); it is interesting to note that the functional forms derived for the integrable perturbations still hold also in our case of interest, i.e. mixed (non integrable) perturbation. We compute the lowest order corrections induced by the thermal perturbation.
A similar analysis for internal energy and magnetization was done by Caselle et al. [2] in the case of magnetic perturbation at the critical temperature, and we extend their analysis with the study of the FSS of the free energy and magnetic susceptibility.
We refer to [1, 3, 2] for all the definitions and notations on the model.
Finite temperature results
Taking advantage of the integrability of the model, Delfino [4] applied Form Factor method to propose a compact expression for the finite size corrections of the one point functions of the Ising model with pure magnetic perturbation (see also [6, 7, 5] for a discussion on the finite temperature analysis of 2d integrable Quantum Field Theory). By means of that results, a given one point function Φ R calculated on a cylinder of radius R is related to its infinite plane value Φ ∞ by
where r i = m i R and m i , with i = 1, 2, 3, are the first three masses of Zamoldchikov's mass spectrum [8] .
The main result of [4] is to compute exactly the universal constants A Φ i . A numerical check of (1) has been performed by Caselle et al. [2] using Transfer Matrix technique to study the Ising model perturbed with a magnetic field. As already pointed out in [4] , the one point function of the perturbing operator σ can be obtained by TBA calculations. In fact, following TBA prediction for the FSS behavior of the free energy 1 , it is possible to write down
1 In order to analyze FSS we have to define
where f b = 0.9296953982 . . . is the bulk constant term.
where E(r i ) is given by
and K 1 (r) is the modified Bessel function of the second kind. Hence, for the free energy we have
which gives us the first few orders (under the lowest particle pair creation threshold) of the finite size corrections; the constants C i are given by Zamolodchikov's mass spectrum. A first derivative with respect to the magnetic field gives us just expression (1) for the magnetization
then a further derivative gives us the functional form of the finite size corrections for the magnetic susceptibility
The exact values of the constants are given in table 1. The aim of the next section is twofold: first we perform a numerical check for the finite size formulas for free energy and magnetic susceptibility (for internal energy and magnetization this was proved in [2] ); second we check that all the previous functional forms also hold in the case of the mixed perturbation considered in [1] . The latter case implies that the constants acquire a non-trivial dependence with respect to both h ℓ and t. Their functional form can be derived by the same scaling arguments employed in [1] .
Numerical analysis: Pure Magnetic Perturbation
In this case we follow the same analysis done in [2] .
1. For each value of h ℓ we fit the value of Φ R according to the functional form of the finite size corrections found in the previous one section. Our fitting procedure follows the one of [2] . In particular, keeping the asymptotic value Φ R as a free parameter, we were able to obtain more precise estimates of these quantities. For instance, for the magnetic susceptibility, we found (h ℓ = 0.07)
and comparing with the value obtained in [1] χ(0.07, β c ) = 0.757441 (1) (9) we see that there is an improvement in precision of about one order of magnitude. The amplitudes A Φ i are however affected by large corrections to scaling. The next step is devoted to the analysis of these corrections.
2. RG and CFT arguments where exploited in [2] in order to construct scaling functions of thermodynamic observables. With analogous criteria we obtained the scaling functions for the amplitudes A Φ i . We haveÂ
Employing them as fitting functions, we find 8.07 < A 
Numerical analysis: Mixed Perturbation
The present analysis is similar to the previous but differs in the last step, the extraction of the amplitudes. First we define, as in [1] , a subtracted observable
in order to discard all the corrections which depends only on the magnetic field h ℓ . As pointed out in [1] , it is a crucial step in order to compute the leading corrections due to the thermal perturbation. In this way we were able to fit our data with (13). The precision of our data enable us to compute only the linear term of such an expansion. By means of the expansion for the scaling functions we are now in the position to fit the amplitude J The other observables were outside our numerical precision. We point out that also at temperatures different from the critical one we are able to obtain more precise estimates of the infinite volume quantities. For instance we consider again the magnetic susceptibility and we find that (h ℓ = 0.07, β = 0.4349 . . . 
and comparing with the value obtained in [1] χ(0.07, 0.4349 . . . ) = 0.846533(1).
4 Conclusions
